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In this Letter we discuss light neutrino dipole moments, computed in the neutrino-mass extended
Standard Model, as a possible source for neutrino condensates which may cause cosmological constant
observed today.
© 2008 Elsevier B.V. Open access under CC BY license.In this Letter we propose light neutrino long range dipole–
dipole forces arising from dipole moments, computed in the
neutrino-mass extended Standard Model (SM), as a possible source
for neutrino condensates. These condensates will cause acceler-
ation through the associated cosmological constant provided the
vacuum pressure is dominant and negative [1]. The computation
depends on the nature of the neutrinos, however, we ﬁrst discuss
the consequences of the neutrino–photon interaction with char-
acteristic electromagnetic properties of Majorana neutrinos: the
transition dipole moments [2–6]. These minuscule transition dipole
moments are sensitive probes of ﬂuctuations at scales as small as
10−35 cm [7], as seen through electromagnetic interactions at long
range. This can also shed more light on the expansion of the uni-
verse and the cosmological constant problem [1].
The transition matrix elements relevant for νi → ν j ; i = j in
neutrino mass extended Standard Model for Majorana neutrinos
are given in [2–6]. The photon–neutrino effective vertex is basi-
cally determined from the νi → ν j γ transition, which is generated
through electroweak processes that arise from one-loop diagrams
via the exchange of  = e,μ, τ leptons and weak bosons, and is
given by
J effμ 
μ(q) = {F1(q2)ν¯ j(p′)L (γμq2 − qμ/q)νi(p)L
− iF2
(
q2
)[
mν j ν¯ j(p
′)R σμν qννi(p)L
+mνi ν¯ j(p′)L σμν qννi(p)R
]}
μ(q). (1)
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Open access under CC BY license.The above effective interaction is invariant under electromagnetic
gauge transformations. The ﬁrst term in (1) vanishes for real pho-
ton due to the electromagnetic gauge condition.
The general decomposition of the F2 term of the transition ma-
trix element T[A, B] obtained from (1), leads to the well-known
expression for the electric and magnetic dipole moments
delji =
−e
M∗2
(mνi −mν j )
∑
k=e,μ,τ
U†jkUki F2
(m2k
m2W
)
, (2)
μ ji = −e
M∗2
(mνi +mν j )
∑
k=e,μ,τ
U†jkUki F2
(m2k
m2W
)
, (3)
where i, j = 1,2,3 denotes neutrino species, and
F2
(m2k
m2W
)
 −3
2
+ 3
4
m2k
m2W
,
m2k
m2W
 1, (4)
was obtained after the loop integration. In Eqs. (2) and (3) M∗ =
4π v = 3.1 TeV, where v = (√2GF )−1/2 = 246 GeV represents the
vacuum expectation value of the scalar Higgs ﬁeld [7].
Note that in the case of a mass degenerate pair the electric
dipole moment vanishes, while the magnetic one is dominated by
the ﬁrst term in (4). In the case of off-diagonal transition moments,
the ﬁrst term in (4) vanishes in the summation over leptons due
to the orthogonality condition of the neutrino mixing matrix U [8]
(GIM cancellation).
The mixing matrix U is governing the decomposition of a coher-
ently produced left-handed neutrino ν˜L, associated with charged-
lepton-ﬂavor  = e,μ, τ into the mass eigenstates νL,i :
|ν˜L,; 	p〉 =
∑
Ui |νL,i; 	p,mi〉. (5)i
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nent notation the Hermitian, neutrino-ﬂavor antisymmetric, elec-
tric and magnetic dipole operators), i.e. ﬁelds that do not distin-
guish particle from anti-particle (ψi = ψci ), producing a transition
matrix element T[A, B] which is a complex antisymmetric quantity
in lepton-ﬂavor space:
T ji = −iμν¯ j
[
(A ji − Aij) − (B ji − Bij)γ5
]
σμνq
ννi
= −iμν¯ j[2iA ji − 2B jiγ5]σμνqννi, (6)
i.e. antisymmetric with respect to neutrino mass eigenstates. From
this equation it is explicitly clear that for i = j, delνi = μνi = 0. Also,
considering transition moments, only one of two terms in (6) is
non-vanishing if the interaction respects CP invariance: The ﬁrst
term vanishes if the relative CP of νi and ν j is even, and the sec-
ond term vanishes if it is odd [5]. Dipole moments describing the
transition from Majorana neutrino mass eigenstate-ﬂavor ν j to νi
in the mass extended Standard Model are:
delν jνi =
3ie
2M∗2
(mνi −mν j )
∑
k=e,μ,τ
m2k
m2W
(U†jkUki), (7)
μν jνi =
3ie
2M∗2
(mνi +mν j )
∑
k=e,μ,τ
m2k
m2W
(U†jkUki), (8)
where the neutrino-ﬂavor mixing matrix U is approximatively uni-
tary, i.e. it is necessarily of the following form [7]
3∑
i=1
U†jkUki = δ ji − ε ji, (9)
where ε is a Hermitian nonnegative matrix (i.e. with all eigenval-
ues nonnegative) and
|ε| =
√
Trε2 =O(mνlight/mνheavy) ∼ 10−22 to 10−21. (10)
It is important to note that the ﬁrst term δ ji from (9) in our case
does not contribute, and that the case |ε| = 0 is excluded by the
very existence of oscillation effects.
The transition dipole moments in general receive very small
contributions because of the smallness of the neutrino mass,
|mν |  10−2 eV [9]. The largest contribution among them is pro-
portional to  and  parts of U†3τUτ2, which corresponds to the
2 → 3 transition. For the sum and difference of neutrino masses
we assume hierarchical structure and take |m3+m2|  |m3−m2| 
|m232|1/2 = 0.05 eV [9]. For the mixing matrix elements [8] we set
|(U†3τUτ2)|  |(U†3τUτ2)| 0.5.
The electric and magnetic transition dipole moments of neutri-
nos delν2ν3 and μν2ν3 are then denoted as (d
el
mag)23 and are given
by
∣∣(delmag)23∣∣= 3e2M∗2 m
2
τ
m2W
√∣∣m232∣∣
( |(U†3τUτ2)|
|(U†3τUτ2)|
)
,
 2.03× 10−30 [e/eV] = 0.38× 10−34 [e cm],
= 2.07× 10−24μB . (11)
Note that neutrino mass extended Standard Model, as a con-
sequence of loops (4), produces four orders of magnitude higher
moments for a Dirac neutrino versus Majorana neutrino (11), due
to an (m2/m
2
W )-suppression of Majorana moments relative to the
Dirac ones.1
1 In the case of Dirac neutrinos survives only the following neutrino magnetic
momentAlso note that electric transition dipole moments of light neu-
trinos are smaller than the ones of the d-quark. This is the order
of magnitude of light neutrino transition dipole moments under-
lying the see-saw mechanism [10]. It is by orders of magnitude
smaller than in lepton ﬂavor unprotected SUSY models. See prop-
erties of neutrinos with respect to models which contain ﬂavor
mixing, the mass spectrum, dipole moments, electroweak radius,
etc., including additional contributions arising from SUSY GUTs, ex-
tra dimensions, non-commutativity of space–time, etc., in [2,11]
and references quoted therein. Of course rigorously established ex-
perimental bounds on the dipole moments of neutrinos are by
orders of magnitude weaker than implied by our hypotheses (11).
The properties of astrophysical neutrinos can be found in the fol-
lowing Refs. [2,12].
Up to this point our presentation is fully relativistic but valid
only for not too large momenta as appropriate for the long range
approximation adopted.
The non-relativistic components of electric and magnetic ﬁelds,
whose coeﬃcients are our electric and magnetic dipole moments,
are
E j(	d|0) = 14π dk∂k∂ j
1
r
, (12)
B j( 	μ|0) = 14π μk[∂k∂ j − δkj]
1
r
. (13)
For dipole “	d” at position “0” determined with position vector 	x0
we have the following ﬁelds at point 	x:
	E(	d|0) = 1
4π
(
3	e(	e	d) − 	d) 1
r3
− 1
3
	dδ3(	x− 	x0), (14)
	B( 	μ|0) = 1
4π
(
3	e(	e 	μ) − 	μ) 1
r3
+ 2
3
	μδ3(	x− 	x0). (15)
r = |	x− 	x0|, 	e = (	x− 	x0)/r, ∂n = ∂/∂xn .
For neutrinos in the non-relativistic equal dipole–dipole ap-
proximations they are of the form represented by hermitian op-
erators whose matrix elements are given in Eqs. (2), (3), (6), (7),
(8).
Restricting to equal dipole–dipole interactions only in the case
of transition 1 → 2 we deﬁne relative distance vector as 	e =
(	x − 	x′)/r where 	x and 	x′ are position vectors of dipole 1 and 2,
respectively, and obtain well-known dipole–dipole potential
V (d,d′) = − 1
4π
(
3(	d	e)(	d′	e) − (	d	d′)) 1
r3
+ 1
3
(	d	d′)δ3(	x′ − 	x), (16)
V (μ,μ′) = − 1
4π
(
3( 	μ	e)( 	μ′	e) − ( 	μ 	μ′)) 1
r3
− 2
3
( 	μ 	μ′)δ3(	x′ − 	x). (17)
The discussed above dipole moments give rise to electric and mag-
netic long range dipole–dipole forces, which are the only ones in
the non-relativistic setting. Hence only the nonlocal terms in the
potentials V (d,d′), V (μ,μ′) are of concern to us here.
Note that by introducing the gravitational potential for any neu-
trino pair
Vgravity = −GNδ j1 i1δ j2 i2
mνi1mνi2
|r| , i1 < i2, (18)
|μνi | =
3e
2M∗2
mνi
[
1− 1
2
∑
=e,μ,τ
m2k
m2W
|Ui |2
]
 1.56× 10−26 [e/eV] = 0.29× 10−30 [e cm]
= 1.60× 10−20 μB .
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dipole–dipole potentials, (17) and (18), at r = R = 0, together with
Eq. (11), we obtain the interesting characteristic distance
R =
√
αem
mνi2mνi3
∣∣∣∣ (d
el
mag)23
e
MPl
∣∣∣∣,
=
√
αem
500
× 0.38× 10−34
(
1 cm
LPl
)
× 0.0197 [cm],
= 1.77× 10−6 [cm], (19)
where the above unique long-range potentials are comparable.
We assume that light neutrino condensates, due to neutrino
transition dipole moments interaction energy, are also responsible
for formation of dark energy. To estimate the dark energy density
due to ν-dipole potentials, ρνDED, we ﬁrst ﬁnd the absolute value of
the characteristic energy due to dipole–dipole interaction 〈ν〉vac:
〈ν〉vac = |
∫
d3r V |
v
 1
v
∣∣∣∣∣23
Nν∑
i, j=1
	μi 	μ j
∣∣∣∣∣, (20)
where v is an intrinsic volume and Nν is number neutrino pairs.
Next we deﬁne |μ|2 as characteristic measure of quadratic dipole
strength:
|μ|2 =
∣∣∣∣∣23
Nν∑
i, j=1
	μi 	μ j
∣∣∣∣∣, (21)
and then the dark energy density due to ν-dipoles is
ρνDED =
〈ν〉vac
v
=
( |μ|
v
)2
. (22)
This is maximal for the case for μ × μ′ = μ21 × μ12 = −(μ12)2 =
|μ12|2  |μ|2, etc. Namely in the two neutrino channel (both spins,
i.e. ν and/or ν¯) the dipole–dipole interactions do not change the
total energy ∼m1 +m2, provided that the pair is composed of two
different mass-ﬂavors, i.e. 1 = 2 (in the s-channel). Antisymmetric
type of interactions just changes the ﬂavor ordering ν1,m1ν2,m2 →
ν2,m2ν1,m1 (i.e. m1 ↔m2 at ﬁxed 1,2). This gives the overall con-
tribution, for dij → d12 with i j mass-eigenstate-ﬂavors, which is,
for example, d × d′ = d21 × d12 = −(d12)2 = |d12|2 because of the
factor i2 coming from −(d12)2. Thus the attraction or repulsion is
within one mass-pair-channel and thus fully active without chang-
ing the mass of the pair provided of course the mass-ﬂavors in the
pair are distinct.
In this way identifying, by hypothesis, (22) with the measured
dark energy density today ρDED we have found:
v =
( |μ|2
ρDED
)1/2
= 4π
3
R3ν,
Rν =
(
9
16π2
|μ|2
ρDED
)1/6
, (23)
where Rν is linear size of intrinsic volume v .
If we choose for |μ| the value of the dipole moments in Eq. (11)
and from observation ρDED = (2.3 meV)4× h20.5 , with h = 0.73 being
present day normalized Hubble constant [13] we obtain:
Rν = 0.84× 10−13 cm  (200 MeV)−1. (24)
Note that R−1ν  200 MeV relates intrinsic volume v to a cos-
mological period corresponding to T ∼ R−1ν which represents a
distant past of cosmological evolution.
From (19) and (24) it follows Rν  R which is consistent with
the dipole moment interaction dominating gravitational ones.The elementary 4-neutrino interaction energy density is ob-
viously very small, but it has a collective (number of neutrinos)2
growth. In addition it deﬁnitely will have, for arbitrary mo-
ments otherwise, an attractive sub-channel, depending on neutrino
spins. The attraction will generate condensation phenomena, i.e.
neutrino-condensates, by the Fermi-criterion, and since gravity is
always attractive those two facts together lead to neutrino con-
densation phenomena relative to a free fermion gas.
Here we only consider condensates giving rise to a cosmo-
logical term or equivalently to vacuum energy-density. Assuming
non-vanishing neutrino condensates due to dipole and gravita-
tional long range interactions giving rise to a cosmological term
(and/or to vacuum energy density and pressure), i.e. not canceled
by a readjustment of gravitational effects, it follows that these con-
densates are a speciﬁc source of dark energy. The condensate will
correspond eventually to some ‘vacuum-energy density’ and may
not be canceled as all other larger condensates, e.g. of QCD, elec-
troweak [14], etc.
The condensate will then alter the neutrino energy–momentum
dependence as compared with free massive neutrino motion and
thus the mean energy density in neutrinos will be larger for a
given thermal ensemble and the same temperature. This tempera-
ture is approximately 2 K today in ‘the universe’ and it corresponds
to ν-number density nν0 , i.e. nν0  300 free neutrinos per cm3 at
present.
From known cosmological parameters we have dark energy
density today, while energy density of free light neutrinos (above
vacuum), at temperature 2 K and assuming neutrino mean mass
mν  20 meV, is ρED = (0.4634 meV)4. Ratio of those two facts
(dark energy density)
(ν-number density) × (ν-mean mass) ,
produces an interesting experimental number:
ρDED
ρED
=
(
2.3369
0.4634
)4
= 5.0434  647. (25)
Neutrino mean mass of 20 meV was used due to the assumption of
normal neutrino family hierarchy. Of course this number is larger
in the case of inverted hierarchy.
If our analysis can overcome the factor 647 and furthermore,
since we are comparing two very different types of energy densi-
ties, this could be transfered to neutrino condensates.
The experimental ratio in Eq. (25) has no direct bearing on the
size of the neutrino condensates, which represent vacuum energy
density. It is used only here in order to emphasize that we cannot
exclude the possibility that the sum of neutrino condensates equals
the observed dark energy density ρDED in value (2.34 meV)4 and
sign (positive), causing acceleration of the universe expansion to-
day (and tomorrow) and being de Sitter-like. Our entire approach
also illustrates the sign of dark energy density which is inconsis-
tent with stability in the framework of local ﬁeld theory in un-
curved space–time.
This could be related to another inconsistency arising from
large, but ﬁnite, lifetimes of not only light neutrinos and ‘baryons’.
Our estimate of unstable neutrino lifetime from the decay rate in
the neutrino-mass extended Standard Model (SM)
Γ (νh → νγ ) =
m5νh
16π
(
GF√
2
e
4π2
U†UF2
)2
 1.6× 10−63 meV, (26)
gives
τνh  4× 1051 s. (27)
This value was obtained from ν-dipole moment interaction (1)–
(11) with neutrino mass: mνh = 50 meV.
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total energy density, ρ , of relic neutrinos,
ρ =mνnν − ρνDED
(= n2ν |μ|2), (28)
may have an extremum during the cosmological evolution. Namely
nν = nν0a−3, with a being the scale factor of the universe. This,
in turn, may entail consequences for an accelerating phase of the
expansion of the universe, since near extremum aext, the EOS for
relic neutrino gas,
wν + 1 = −1
3
∂
∂(loga)
(logρ) = −1
3
a
ρ
dρ
da
, (29)
switches to ≈ −1. Indeed, from (28) we ﬁnd
aext =
(
2nν0 |μ|2
mν
)1/3
. (30)
If we are to explore effects for a late-time accelerating phase, then
we should set aext ∼ 1. However, even for magnetic moments as
large as 10−10μB , the neutrino mass would be hopelessly tiny to
induce any observable effect on present acceleration of the uni-
verse.
As a way out of the above inconsistency one can recall a re-
cent model proposed by Fardon, Nelson and Weiner (FNW) [15]
and developed later by Kaplan et al. [16], and Peccei [17], in which
relic neutrinos are tied together with the sector of ‘standard’ dark
energy (represented by a canonically normalized scalar ﬁeld). The
model is very appealing with regard to the ‘cosmic coincidence
problem’ [18], since from the known behavior of dark matter, or-
dinary matter and radiation one ﬁnds that any reasonable tracking
of these components by dark energy always goes at the expense of
the late time transition of its equation of state, thus creating a new
problem called the “why now?” problem. On the other hand, if
relic neutrinos can be kept tightly coupled to the original dark en-
ergy ﬂuid for most of the history of the universe, the near coinci-
dence at present, ρΛ ∼ ρν , will cease to be perceptive as a coinci-
dence at all. This was possible if the mass of the neutrino was pro-
moted to a dynamical quantity, being a function of the acceleron
ﬁeld (canonically normalized scalar ﬁeld similar to quintessence).
The main feature of the scenario [15] is that although the num-
ber density of neutrinos dilutes canonically (∼ a−3), the masses
of neutrinos change almost inversely (∼ a−3w), thereby promot-
ing their energy density to an almost undilutable substance. Hence
relic neutrinos become tightly coupled to the original dark energy
ﬂuid.
In addition, by applying the FNW scenario to our model, in
which the energy density for relic neutrinos is supplemented with
a term due to non-vanishing electro-magnetic moments, we can
draw some conclusions about intrinsic properties of neutrinos if
also |μ| is considered as a dynamical ﬁeld (some function of mν ).
In this case one can show that in the FNW scenario the EOS for
the coupled dark energy ﬂuid obeys
w + 1 = mνnν − 2m
2
ν |μ|2
ρtotaldark
. (31)
Since the neutrino contribution gives only a small fraction of the
total energy density, we have w  −1, in accordance with what
cosmological data imply. Also, the data imply very slow variation
of w with a, which, taken in a literal sense, means that both terms
in the numerator of (31) should scale as ρtotaldark ∼ a−3(1+w) . This
entails, mν ∼ a−3w , |μ|2 ∼ a−3(1−w) . It is interesting to note that
although the scaling of mν and |μ| with a are formally different,
they become the same in the limit w → −1. This complies with
the prediction of the minimally extended SM μν ∼ mν , where to
each generation of fermions of the SM a right-handed neutrino
ﬁeld is added, in contrast with more complicated models wherethe neutrino magnetic moment is disentangled from the neutrino
mass.
In conclusion, we have considered the cosmological conse-
quences of long-range interactions in a non-relativistic setting and
arising from various electromagnetic form factors of a neutrino.
We have emphasized the possibility that the responsible interac-
tion itself has an attractive channel, leading neutrino condensation
phenomena to occur. This would entail a sort of dark energy, re-
sponsible for the late-time acceleration in the expansion of the
universe. In addition, the energy density due to neutrino electro-
magnetic moments, when superimposed on the standard contribu-
tion of a neutrino background, may be responsible for acceleration
phases during the history of the universe. When implemented in a
recently suggested dark energy scenario with mass varying neutri-
nos, the electromagnetic neutrino interaction may also shed some
light on intrinsic neutrino properties.
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